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We discuss a Gronwall-type lemma depending on a small parameter ε > 0, based on an
integral inequality that predicts blow-up in ﬁnite time of the involved unknown function
for any ﬁxed ε. The result permits to establish uniform estimates even if the function itself
depends on ε.
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1. Introduction
The Gronwall lemma, in its several formulations, is perhaps the main technical tool in the study of the asymptotic
properties of dissipative differential equations. Devised by T.H. Gronwall in his celebrated article [5] published in 1919, this
result allows to deduce uniform-in-time estimates for energy functionals deﬁned on the time interval R+ = [0,∞) which
fulﬁll suitable either differential or integral inequalities. The simplest version in differential form reads as follows.
Lemma 1 (Gronwall). Let ψ :R+ →R+ be an absolutely continuous function satisfying almost everywhere the differential inequality
ψ ′(t) + εψ(t) c, (1)
for some ε > 0, c  0. Then
ψ(t)ψ(0)e−εt + c
ε
.
A similar conclusion can be drawn if one has
ψ ′(t) + εψ(t) κ[ψ(t)]β + c,
with κ,β > 0, provided that β < 1 (see e.g. [7]). There are however concrete examples, arising from mathematical models
of physical interest, where the latter inequality pops up with β  1. In principle, this provides no information, since the
solutions to the related differential equation
ψ ′(t) + εψ(t) = κ[ψ(t)]β + c
may blow up in ﬁnite time. Nonetheless, κ happens quite often to be a function of the parameter ε. Moving from this
observation, the recent work [3] introduces a new method to establish uniform-in-time estimates. In few words, when
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V. Pata / J. Math. Anal. Appl. 373 (2011) 264–270 265κ = κ(ε), the key idea of [3] is considering not just a single differential inequality for a ﬁxed value of ε, but rather the
whole family of inequalities obtained by letting ε vary in some interval (0, ς ]. Before entering into details, we stipulate
some general assumptions.
Assumptions. Throughout the paper, P = {ς,α,β,γ , K ,C} is an assigned structural set of nonnegative parameters, with
ς ∈ (0,1] and
α − 1> (β − 1)(1+ γ ) 0. (2)
We denote by T the space of nonnegative locally summable functions h on R+ such that
‖h‖T .= sup
t0
t+1∫
t
h(s)ds < ∞.
If h ∈ T, the following inequality holds for every ε ∈ (0,1] and t  τ  0 (see e.g. [2]):
ε
t∫
τ
e−ε(t−s)h(s)ds 8
5
‖h‖T. (3)
2. A differential Gronwall-type lemma with parameter
We can now state the main result of [3].
Theorem 2. Let ψ : R+ → R+ be an absolutely continuous function satisfying for every ε ∈ (0, ς ] and almost every t  0 the differ-
ential inequality
ψ ′(t) + εψ(t) Kεα[ψ(t)]β + Cε−γ . (4)
Then there exist a constant R0 > 0 and an entering time t0 = t0(R) 0 such that
ψ(t) < R0, ∀t  t0,
whenever ψ(0) R. Both R0 and t0 can be explicitly calculated in terms of P.
Remark 3. The theorem in [3] is actually proved for the slightly more general case where C is replaced by a function h ∈ T.
With minor changes in the proof, the same can be done with K .
On the other hand, when dealing with concrete problems, one usually aims to establish uniform estimates not really for
ψ itself, but for some energy functional E equivalent to ψ , for which a differential inequality of the form (4) is not available.
Let us see a paradigmatic example.
Example 4. Given a bounded domain Ω ⊂Rn with smooth boundary ∂Ω , consider the linear damped wave equation in the
unknown variable u = u(x, t) : Ω ×R+ →R with Dirichlet boundary conditions
utt + ut − u = 0, u|x∈∂Ω = 0.
In the natural phase space H10(Ω) × L2(Ω), the related energy
E(t) = 1
2
∫
Ω
[∣∣∇u(x, t)∣∣2 + ∣∣ut(x, t)∣∣2]dx
is known to obey a uniform (exponential) decay estimate as t goes to inﬁnity (cf. [1,6,8]). This is easily veriﬁed by exploiting
a quite ingenious classical trick. Indeed, although E fulﬁlls only the differential equality
d
dt
E(t) +
∫
Ω
∣∣ut(x, t)∣∣2 dx = 0,
not suﬃcient to infer the uniform decay, the auxiliary functional
ψ(t) =
∫ [∣∣∇u(x, t)∣∣2 + ∣∣ut(x, t) + εu(x, t)∣∣2]dx
Ω
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E(t)ψ(t)ψ(0)e−εt  4E(0)e−εt .
The example raises a basic issue: even in relatively simple situations, one may face inequalities of the above kind for a
function ψ featuring an explicit dependence on ε. In that case, Theorem 2 no longer applies. This diﬃculty was somehow
overlooked in [3], where the abstract result is invoked in connection with an ε-dependent energy functional arising from
a speciﬁc differential model. The same ﬂaw occurs in a subsequent paper [4]. Still, both the conclusions of [3] and [4]
are actually true. Indeed, the obstacle can be circumvented by means of an integral Gronwall-type lemma with parameter,
which at the same time generalizes Theorem 2 (when ψ is independent of ε), and allows to obtain uniform estimates for
any functional E equivalent up to a constant to ψ , no matter if ψ is ε-dependent.
3. The main result
Let k ∈ T with ‖k‖T  K . Under the above assumptions, there exist two strictly positive constants ω, Λ and an increasing
function I :R+ →R+ such that the following theorem holds.
Theorem 5. If ϕ :R+ →R+ is a continuous function satisfying the integral inequality
ϕ(t) Re−εt + εα
t∫
0
e−ε(t−s)k(s)
[
ϕ(s)
]β
ds + Cε−1−γ (5)
for every ε ∈ (0, ς ], every t  0 and some R  0, then
ϕ(t) I(R)e−ωt + ΛC . (6)
Remark 6. The constants ω, Λ and the function I are independent of R , and can be explicitly calculated in terms of the
structural set P (see (8) for the exact values). In particular, once the other parameters are ﬁxed, Λ becomes independent of
C suﬃciently small. Consequently, exponential decay of rate ω occurs when C = 0.
Remark 7. With respect to the previous Theorem 2, the greater generality of the result is readily understood. Indeed, if
ψ ′(t) + εψ(t) εαk(t)[ψ(t)]β + h(t)ε−γ
for some h ∈ T, an application of the differential Gronwall lemma together with (3) lead to the family of integral inequalities
depending on the parameter τ  0
ψ(t)ψ(τ )e−ε(t−τ ) + εα
t∫
τ
e−ε(t−s)k(s)
[
ψ(s)
]β
ds + 8
5
‖h‖T ε−1−γ , ∀t  τ .
Even more, Theorem 5 requires only the single inequality corresponding to τ = 0.
4. Proof of Theorem 5
4.1. Deﬁnitions
Choosing ϑ ∈ (0,1) such that
a
.= αϑ − ϑ + 1− β > 0 and b .= 1− ϑ − γ ϑ > 0,
which is allowed by assumption (2), we deﬁne
 = max{ς−1/ϑ , (2K )1/a, (30C)1/b}.
Next, we set q(t) = −ak(t) and Q = 5C−b . Accordingly,
‖q‖T  12 and Q 
1
6
.
Finally, introducing the ratio
r = 2max{6R−1,1},
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1
2
r 2n < r,
we consider the 2n + 2 quantities
rı = 2ı and εı = r−ϑı (ı = 0, . . . ,n).
Hence, exploiting (5) with ε = εı , we deduce the n + 1 integral inequalities
ϕ(t) 1
6
rn e
−εıt + εır1−βı
t∫
0
e−εı (t−s)q(s)
[
ϕ(s)
]β
ds + 1
5
Q rı . (7)
4.2. A technical lemma
The main tool of the proof is the forthcoming lemma.
Lemma 8. Given G, H  0, ε ∈ (0,1], r > 0 and h ∈ T with ‖h‖T  12 , let ξ be a continuous function satisfying for all t  0 the
integral inequality
ξ(t) Ge−εt + εr1−β
t∫
0
e−ε(t−s)h(s)
[
ξ(s)
]β
ds + 1
5
H .
If suptτ ξ(t) r for some τ  0 and λ suptτ ξ(t), then
ξ(t) 1
3
{
5G + 4λβr1−β}e−ε(t−τ )/2 + H
for all t  τ . Up to choosing λ r, the inequality is trivially true for t  τ as well.
Proof. Splitting the interval of integration at s = τ and using (3), we easily obtain
ξ(t) Fe−ε(t−τ ) + ε
t∫
τ
e−ε(t−s)h(s)ξ(s)ds + 1
5
H, ∀t  τ ,
with F = 15 {5G + 4λβr1−β}. In turn, the auxiliary function
η(t) = {ξ(t) − H}eε(t−τ )
fulﬁlls the inequality
η(t) F + ε
t∫
τ
eε(s−τ )h(s)ξ(s)ds − 4
5
Heε(t−τ )
= F + ε
t∫
τ
h(s)η(s)ds + H
[
ε
t∫
τ
e−ε(t−s)h(s)ds − 4
5
]
eε(t−τ )
 F + ε
t∫
τ
h(s)η(s)ds,
where (3) is invoked in the last passage. Then, by the standard integral Gronwall lemma (see Appendix A),
η(t) F exp
[
ε
t∫
τ
h(s)ds
]
 Feε(t−τ+1)/2  5
3
Feε(t−τ )/2, ∀t  τ .
Returning to ξ we get the thesis. 
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For any τ  0, we denote S(τ ) = suptτ ϕ(t).
Lemma 9. The estimate S(0) rn holds.
Proof. If not, knowing from (7) that ϕ(0) < rn , there is a positive time t such that ϕ(t) = rn and ϕ(s) < rn for all s < t . Thus,
estimating the integral term of (7) with ı = n by means of (3), we are led to
30rn = 30ϕ(t) < 5rn + 24rn + 6Q rn  30rn.
Contradiction. 
Lemma 10. If S(τ ) rı for some τ  0, then
ϕ(t) 2rβrı e−εı (t−τ )/2 + Q rı  2rβrı e−εı (t−τ )/2 + 1
6
rı , ∀t  0.
Proof. In view of Lemma 9, we can apply Lemma 8 with r = rı and λ = rn to the integral inequality (7). Observing that
5
18
rn + 4
3
rβn r
1−β
ı < 2r
β
n r
1−β
ı  2 · 2nβrı < 2rβrı ,
we are done. 
Lemma 11. The estimate S(τ)  holds with
τ = 2r
ϑϑ
1− 2−ϑ log
(
6rβ
)
.
Proof. We claim that S(τı) rı with τı = (2nϑ − 2ıϑ )r−ϑτ . The case ı = n is proved in Lemma 9. If n > 0, we proceed by
induction: assuming the claim true for ı > 0, Lemma 10 with τ = τı yields
ϕ(t) 2rβrı e−εı (τı−1−τı )/2 + 1
6
rı = 1
2
rı = rı−1, ∀t  τı−1,
establishing the case ı −1. In particular, we learn that S(τ0) r0 = . Meanwhile, S(τ) S(τ0), due to the straightforward
inequality τ > τ0. 
4.4. Conclusion
Since S(τ) , the ﬁrst inequality of Lemma 10 for the choice τ = τ is nothing but (6) with
ω = 1
2
−ϑ , Λ = 51−b, I(R) = 2rβ exp
[
rϑ
1− 2−ϑ log
(
6rβ
)]
. (8)
This ﬁnishes the proof of Theorem 5.
Remark 12. For later purposes, note that I(R) > , and the second inequality of Lemma 10 with τ = τ reads
ϕ(t) I(R)e−ωt + 1
6
.
5. Uniform estimates for parameter-dependent functions
We ﬁnally come back to the problem that mainly motivated this work. Namely, how to infer uniform estimates from
the differential inequality (4) when the involved function ψ depends itself on the parameter ε. To this end, we consider a
continuous function E :R+ →R+ along with a family of continuous functions ψε subject to the bounds
E  Mψε  M(E + L), ∀ε ∈ (0, ς ],
for some M  1, L  0.
V. Pata / J. Math. Anal. Appl. 373 (2011) 264–270 269Theorem 13. Given k ∈ T with ‖k‖T  K , let ψε satisfy the integral inequality
ψε(t) Re−εt + εα
t∫
0
e−ε(t−s)k(s)
[
ψε(s)
]β
ds + Cε−1−γ
for every ε ∈ (0, ς ], every t  0 and some R  0. Then there exist ω, Λ, I as in Theorem 5 (depending only on P, M, L) such that
E(t) I(MR)e−ωt + Λ(MC + L).
As already mentioned in Remark 7, it is worth pointing out that the differential version of Theorem 13 is less general.
Proof of Theorem 13. The auxiliary function ϕ = E + L fulﬁlls the bounds
ψε  ϕ  Mψε + L.
Therefore, as ε  1,
ϕ(t) MRe−εt + εα
t∫
0
e−ε(t−s)Mk(s)
[
ϕ(s)
]β
ds + (MC + L)ε−1−γ .
By Theorem 5, we ﬁnd ω, Λ, I such that
ϕ(t) I(MR)e−ωt + Λ(MC + L).
The inequality E  ϕ completes the proof. 
As a byproduct, E decays exponentially fast at inﬁnity when C = L = 0. Nevertheless, the sole assumption C = 0 is
suﬃcient to guarantee the exponential decay (of rate ω).
Proposition 14. If C = 0, up to redeﬁning I, Theorem 13 holds with Λ = 0.
Proof. Entering the details of the proof of Theorem 13, we draw the equality 2ω = −ϑ where (among others)  is chosen
in comply with ‖M−ak‖T  12 , implying in turn ‖−ak‖T  12 . Besides (cf. Remark 12), we have that I(MR) >  and
ϕ(t) I(MR)e−ωt + 1
6
.
Hence, setting
m = 6
5
I(MR)−1 and τ = 1
ω
logm,
we deduce the estimate
ψ2ω(t) ϕ(t)
{
m if t < τ,
 if t  τ .
At the same time, when C = 0 the integral inequality for the function ψ2ω becomes
ψ2ω(t) Re−2ωt + 2ω1−β
t∫
0
e−2ω(t−s)−ak(s)
[
ψ2ω(s)
]β
ds.
We are in a position to apply Lemma 8 with r =  and λ = m to ψ2ω , so obtaining
ψ2ω(t)
1
3
{
5R + 4mβ}me−ωt .
Recalling that E  Mψ2ω , the proof is over. 
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For the reader’s convenience, we report a quite general version of the classical Gronwall lemma in integral form, provid-
ing a simple proof.
Lemma. Let u : [τ , T ] →R be a bounded function satisfying the integral inequality
u(t) f (t) +
t∫
τ
g(s)u(s)ds, ∀t ∈ [τ , T ],
for an increasing f : [τ , T ] →R and a nonnegative g ∈ L1(τ , T ). Then
u(t) f (t)exp
[ t∫
τ
g(s)ds
]
, ∀t ∈ [τ , T ].
Proof. Let t ∈ (τ , T ] and μ > 0 be arbitrarily ﬁxed. For any y ∈ [τ , t], the function
v(y) = { f (t) + μ}exp
[ y∫
τ
g(s)ds
]
fulﬁlls the identity
v(y) = f (t) + μ +
y∫
τ
g(s)v(s)ds.
Accordingly, the difference w = u − v satisﬁes
w(y)−μ +
y∫
τ
g(s)w(s)ds.
Since w(τ ) < 0, this tells that w remains negative in the whole interval [τ , t]. In particular w(t) < 0, and the result follows
by letting μ → 0. 
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